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1. INTRODUCTION 
One of the most celebrated theorems associated with Ramanujan’s career 
is the Rogers-Ramanujan continued fraction. 
C(q) = 1 + q 
1 +q2 
1 +u3 
1 +a4 
(1.1) 
Part of the fame of this result is due to the fact that Ramanujan included 
several astounding corollaries of this result in his first letter to G. H. Hardy 
in 1913. Hardy found the results startling and was unable to prove them. 
Ultimately it was discovered that L. J. Rogers had originally discovered 
(1.1). 
In a survey article on Ramanujan’s “Lost” Notebook [5; Section 71, we 
have already illustrated the fact that Ramanujan subsequently discovered a 
number of interesting identities related to C(q). In this paper we shall exhibit 
other aspects of C(q) given or implied by Ramanujan in the “Lost” 
Notebook. 
Perhaps the most surprising result is the following theorem which provides 
combinatitorial interpretations of the coefftcients in the power series 
expansion of C(q). While this result was not explicitly given by Ramanujan 
it is nonetheless an easy execise to deduce it from Ramanujan’s assertions 
and a generalization of the Rogers-Ramanujan identities due to Gordon 
1121. 
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THEOREM 1. Let B,,,(n) denote the number ofpartitions of n of the form 
n=b,+b,+... +b,, where bl>bl+,, b, - b,, k-, > 2 and at most a - 1 of 
the b, equal 1. Let C(q) = Cm>,, c,qm. Then 
c - B37,37W + B37,13(m - 9 Sm (14 
c -B,,,,,(m) + B,,,,(m - 61, 5m+1- (1.3) 
C 5m+ 2 = -(B37,23(m - 1) - B3,& - 8)h (1.4) 
C 5mt 3 = -(B37,2dm) + B37,22(m - WV (l-5) 
C 5m+4 = -(B37.17(m - 2) -B37,8(m - 5)). VI 
This theorem can be used to prove that the sign of c, is periodic with 
period 5. More particularly: 
C~B~LLABY 1. c2 = c, = cg = 0. The remaining c, satisfy 
c5, > 0, (1.7) 
C5rnfl > 07 WV 
c5mt2 < 0, W) 
C5mt3 (09 (1.10) 
CSm+4 < 0. (1.11) 
The periodicity of the sign of c, was first observed by M. D. Hirschhorn 
and G. Szekeres and was subsequently proved to hold for n sufficiently large 
by Richmond and Szekeres [ 191. It is interesting to contrast Corollary 1 
with the asymptotic result of Richmond and Szekeres which shows that 
c.=&exp (d”“;;) [cos (4 (n-4)) + O(n-‘/2)l. (1.12) 
In Section 2 we shall present the relevant work from the “Lost” Notebook 
that yields Theorem 1 and Corollary 1. 
Section 3 provides a continuation of the work in [5; Sect. 61. The results 
considered in this section provided representations of various powers of C(q) 
in terms of quotients of generalized Lambert series. For example, we shall 
prove 
- 1 g 
" 0 
1 :(Jn+2 z. 1 :;::+3 
-- (c(q))2 - 5 ,-4” _ 5 “‘“+* ’ 
n=o 1 q5n+2 “=o 1 q5nt3 
(1.131, 
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Section 4 is devoted to treating some other continued fractions of the 
Rogers-Ramanujan type. Perhaps the most fascinating of these is the 
following assertion which is true as stated but is clearly suggesting a false 
identity. The result is stated exactly as follows: 
1 -x+x3-y+ . . . = 
1 
1 +x+x2 
1 + x3 + x4 
1 +x5 +x6 
1 + ***. (1*14), 
Section 5 considers the following outrageous formula. 
9 1’5 \/5-lexp A’ (1 - t)5 (1 - t2)’ ... dt -= 
w 2 9 (1 -t’)(l-t’“)... t 
It turns out that (1.15) relies on an older result, (5. l), also due to 
Ramanujan (see [7, 81). Equation (5.1) fits quite naturally into the theory of 
basic hypergeometric functions; however it required Ramanujan’s special 
flair to transform it into (1.15). 
There are other formulas in the “Lost” Notebook on C(q); however, they 
seem more intimately tied up with modular equations. Consequently we shall 
consider them at a later time. 
2. THE COMBINATORIAL INTERPRETATIONS 
The results in this section all occur on one page of the “Lost” Notebook. 
In this case the material is set down in a logical order so that Theorem 1 and 
its counterpart for C(q)-’ arise quite naturally. The crucial results are given 
in Lemmas 1 and 2. 
Throughout the remainder of this paper we shall use the standard notation 
of basic hypergeometric series: 
(A), = (A; q), = (1 --A)(1 --Aq) .** (1 -flq”-1) 
O” (1 -Aqrn) 
= Jjo (1 -,qm+y * 
Note that the symbol (A), is well defined for all real numbers as long as 
lq( < 1 andA#q-jforjan. 
Also, as before, we use the subscript “R” on the equation number if that 
result actually appears in the “Lost” Notebook. 
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LEMMA 1. 
1 
C(q)= (q5;q5)a, 
( 
jzrn (-l)"q 
w+nU2(1 + q5ntl) . 
1 
P*l), 
Proo$ From (1.1) we know that 
c(q) = (cl*; 45)co (q3; q5)cc 
(4; q5)a, (q4; 45Lo 
1 62; 45), @I*; q5L3 (q3; 45ho 
= (q5;45)a, * (4; q5)m (q4; 45)oo 
1 
= (q5; f& 
.j, c-l)" q(1Snz-n'2 -q3 .& (~l)"q'15~2+19n"2) 
(by the quintuple product identity as given in the first line of the proof of 
Theorem 3.9 in [3] with q replaced by q5 and a then replaced by q3) 
1 
= f+ 
(q5; q5L km 
(-1)” q(15n2+n)/*(1 + q5”+l) 
(where we have replaced n by --n in the first sum and by --n - 1 in the 
second). I 
Theorem 1 follows fairly directly from Lemma 1. 
Proof of Theorem 1. We shall deduce the five assertions of Theorem 1 
from the following identities given by Ramanujan: 
co 1 
v c5,q” =- 
EO (4)m 
5 (-1)" q(75n2tnY* 
II= -co 
+ q4 5 (-l)nq(75n2+49W); (24, 
n=-- 
1 
L c5mtlqm = 
-( b?L 
F (-l)nq(75nzt61nU2 
m=O nY* 
+ q6 + (+'q(75n2+IlnU2 (2.31, 
nYa, 
Csmt24 
m=o 
(2.41, 
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\“- I 
I Csmt34 --- 
", (-1)" qu5n*+31nv2 
m=o * - (4)m ( q ,=L, 
+ T  (-1)” qVSn2+W2 ; 
n= l^’* ) 
(2.5 Ai 
G 
2 
- csm+4q -- 
m=Q *= A ( 
T  (-1)” q(75n~+41n)/Z 
nE* 
_ q3 2 (-1)” qmn2+ sgn)iz) . 
W), 
n= -a, 
Recall the operator U, [4; p, 1611 operating on f(q)= C,..+oa,q” is 
defined by 
&f(4)= 2 aSnqn 
n=o 
4 
= f c f(pGf’“), 
j=O 
where p = ezrr3’. 
Hence for 0 < a < 4, 
00 
YC 
m%o 
5mtaq m = U,q+T(q) 
(2.7) 
1 
zz- + 4-a/5 
i 
2 f-l)“9 
3nV2-n/10 j(lSnz-n-&z)/2 
S(4), ,% 
P 
?I=-02 
tP 2 C-l)“4 
3n42-Iln/lO ‘(1Sn~-lln+2-2a)/Z 
d 
*=-(32 1 
(by Lemma 1). Now 15n* -n - 2a - = 0 (mod 5) for tl E -2a (mod 5) while 
15n2- llnf2-2azO (mod 5)for nz2-2a (mod 5). 
Hence 
3(5nt2-2a)2/2-11(5n+2-2o)/lO-R/5 
n= -co 
(2.8) 
+q 
6(1-a)z-2(1-a) -f (-1)” q(75n’e(49-60a)n)/Z\ . 
n= -co 
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Identities (2.2)-(2.6) now are just the cases a = 0, 1, 2, 3,4 of (2.8): in some 
cases the index of summation is shifted to yield the most elegant formulation 
of the result. 
To derive Theorem 1 from (2.2)-(2.6) we recall a result of Gordon [ 121: 
Let A,,,(n) denote the number of partitions of n into parts #O, fa (mod 
2k + 1). Then A,,,(n) = B,,,(n) for all n > 0 with 1 < a < k. Furthermore 
[4;p. 1111 
(1 - qy 
II=1 
n#O,fo(mod2k+l) 
_ (b, g (-1)” q((2k+ l)n(n+ 1)-2anW (2.9) 
wn 00 
= z. Bk,a(n) 4”. 
We now appropriately specialize the parameters k and a in (2.9) so that we 
may apply it to the various terms in (2.2)-(2.6). Having done so we merely 
compare coefficients of .qm on each side of the resulting identities in order to 
obtain (1.2F(1.6). 1 
Proof of Corollary 1. Most of the assertions given in Corollary 1 follow 
directly from Theorem 1. Indeed all the assertions are immediate except (1.9) 
and (1.11). To obtain (1.9) and (1.11) we require some simple inequalities 
for the A,,,(n) and B,,,(n): 
Ak,a(n) > Ak,a(m) if n>m>l and k>a>4. (2.10) 
The reason for this is that 
2 @k,a(n)-Ak,&- l))q”= fi (1 -q”)-’ 
n>O n=2 
n#O,fa(mod 2k+ 1) 
(by (2.9)), and this latter function has positive power series coefficients of 4”’ 
for N > 2 since (I > 4 and every integer )2 has at least one partition into 2’s 
and 3’s. 
Next we note that 
Bk.&) > Bk,b(n) if k>a)b)l 
immediately from the definition of Bk,Jn). 
(2.11) 
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Thus by (2.10) and (2.11) we see that ifa>4, r>s>l,k>a>b>O, 
then 
4,aw - &Y(s) =Ak,aW -B,.,(s) 
2 4aw - Bk,a(S) 
=A/c,&) -A/w(S) 
(2.12) 
> 0. 
Inequality (2.12) is clearly more than enough to prove (1.9) and (1.11). 
The reciprocal of C(q) possesses counterparts of Theorem 1 and Corollary 
1. We present below these corresponding results; however, our treatment will 
be briefer since it parallels what has gone before. 
THEOREM 2. Let C(q)-’ =Cm.+odmqm, then 
4, =%d4 + 45,,dm - 3); (2.13) 
d 5m+1= -&5.31(~) -~,5,,,(~ - 2); (2.14) 
d 5m+2 - B75,&) + B75,4@ - 7); (2.15) 
d 5m+3 = --B75,,4(m - 3) + B,,,,,(m - 4); (2.16) 
d 5m+4 = -B75,2&) - B,,,,b - 8). (2.17) 
The proof of Theorem 2 requires a result similar to Lemma 1 which we 
give now. 
LEMMA 2. 
1 1 
co= (q5; q5)m I 
$, (-1)” q(15nZ-‘n)/2 - 4 5 
tr--a) 
(-1)” q”5”‘t’3try’~ . 
Proof: Again by (1. l), 
1 (4; cr'>, (q4; q5)m 
co = (q2; q5)m (q3; q5L 
1 (q5; q5Lo (4; q5)m (q4; q5L3 
= (45x5>co (q2; q5), (q3; q5hc 
1 
= (q5; q5)m .=sc I 
e (-1)” q(15n2-7nK2 _ q '$ (-1)" q(15n2t 13n)/2 
II-m 
(by the quintuple product identity [3; p. 4661). 
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Proof of Theorem 2. From Lemma 2 we derive five identities that 
directly imply the assertions of Theorem 2. 
go d,,qrn = & ( j, C-1)” d75”*-7ny2 
+q3 f’ (-l)nq('5n2-43nY2 ; 
II=--00 1 
-f d5,,,qL& (- go (-l)nq(‘Jn2-1Jn~2 
m=O 
-q2 5 (-qnqU5n2-3W2 ; 
a=--00 ) 
=f d5m+2qm = & ( nz, (-1)” q(75"2-17"K2 
m=O 
+q7 5 (-l)nq(75n*-67nV2 ; 
It=-CO ) 
2 d,,+,q” = & (-q3 $, (-1)” q(7Sn*-47”U2 
m=O 
+q4 5 (qnqU5n2-53nY2 ; 
“=-CO 1 
00 1 -- c d5m+4qrn= (q)m 
( 
2 (-1)” q(75n2-23nK2 
m=O "=-co 
-q8 2 (+nq(75n2-73W 
PI=-CO 
(2*1% 
(2.19)~ 
These results are the specializations of the following application of the 
operator U, to the function q-‘C(q)-‘: 
‘? d5m+oqm = U,q-‘C(q)-’ 
?EO 
3nV2-7dIO-af5 (15n2--7n--2a)/Z 
d 
--4 (-l)“q 3nY2+13N'IO '(15n2+13n+2-2U)/2 d a=--Q) 
607/41/2-6 
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The nonvanishing terms of the first sum occur for n s -a (mod 5) while n = 
1 - a (mod 5) is required for the second term. Therefore 
?’ d,,,,q” 
C-1) 
= z 
(75n’-(30o+7b1MZ 
L-T=0 
+4 ‘(I-a)(2--a)/2 F (75n2+(30(1-a)+l3)n)/2 . nim t-1)” 4 (2.23) 
Equations (2.18)-(2.22) are just the case u = 0, 1, 2, 3, 4 of (2.23); thus we 
have Theorem 2. 1 
COROLLARY 2. d, = d, = 0. The remaining d, satisfy 
4, > 0, (2.24) 
d Sm+ I > O, (2.25) 
d 5m+2 > 09 (2.26) 
d sm+3 > 03 (2.27) 
d Smt4 < O* (2.28) 
These inequalities are immediately obvious from Theorem 2 except for 
(2.27), which follows from (2.12) and (2.16). 
Ramanujan gives four other results of this nature which arise from the 
application of the operator U, to C(q) and C(q)-‘. The results are: 
F 
m (q2; q2M-q2; q5), (-4’; q5L. 
IIT=0 
czmq = 
2,” -* (-1)” q5”* ’ 
(2*29), 
qt m- 
C*m+14 - 
Gt”; 910)m 
ZO (-4; 47, (-q4; 47 c,“= --co (-1)” P2; 
(2.30~ 
q? d 
I 2m 
qm = (q2; 4*Lc (e-4; qS), (-q4; q51m 
; (2.31), m=o CT= --co (-1)” q5”’ 
G d2,+,qm= (doi 410ko 
ZO (-‘I*; 4x3 (-q3; q51m c:=-, (-1)” P’ 
(2.32), 
These results rely chiefly on two relations connecting the Rogers-Ramanujan 
functions. Namely, if 
02 q”2 
G(q) = nIzo o,= 
1 
(4; d)m (q4; qS)a, ’ 
(2.33) 
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and 
then 
ml= “fzO $f= (q2;qs) 1(q3;q’) ’ 
al co 
(2.34) 
n(n+l) 
G(q) W--q) + (3-q) H(q) = 2 ;$;;:) 3 
00 
(2.35) 
and 
G(q) W-q) - G(-q) H(q) = 
2q c.“=. qlOn@+ l) 
(q2x2)m * 
(2.36) 
These results were stated without proof in a list of 40 identities left with 
Watson [20] (see also [9, lo]), and Watson proved them in [20]. There is a 
surprising two-variable extension of (2.36) in the “Lost” Notebook which 
has been discussed in [6; Chap. 21. We note also that (1.1) may be restated: 
C(q) =gg. (2.37) 
The proofs of each of (2.29)-(2.32) are similar so we treat only the first two. 
fj 2m 
c2mq 
m=O 
= + (C(q) + C(74)) 
;L W+ Gt-4 .’ 
( 
-- 
2 Wq) W-67) 1 
= L G(q) W--q) + Z-W W-q) 
2 ( m?) W-q) * 1 
= (CEO 4 n(n+ 1’)(42; 45)oo (q3; 45)m (q2; -q51m (-q3; -q5L 
(42x2)m 
= (q4; q41rn (q2; q5)m(q3; q5)a, (q2; dO)m (-4’; 410)m (-q3; 410)co @I”; dO)cc 
(q2; 44Lo (q2; 42kxl 
= (-q2; q2)2m (q2; 4’OL (q6; 420)m (d4; 420)m (q8; q10)2 
196 GEORGESE.ANDREWS 
(q4; 44M-42; 4*Lc 
= t-q*; qlo)m (4; 410)oo (qlO; 410); 
= (q4; q4)m (-q4; 410Lo (4; 410)m 
(do; 410)~/(-410; 410)m 
= (q4; q4Lc (-q4; dOL (W; 410L 
c,“= --oo (-1)” q’O”> * 
If we now replace q by q”* in (2.38) we obtain (2.29). Finally 
a, 
-SC 2m+14 
2m 
lie0 
= + (C(q) - CC-q)) 
1 =---- G(q) H(-q) - H(q) W-q) 
2 WC?) W-q) ) 
(2.38) 
(2.39) 
(920; 420)m 
= (-q*; qlO)m (-q4; qlO)m c,“=-, (-1)” q’O”*’ 
where again the last line follows from the previous one by the use of (2.36) 
together with the manipulation of certain infinite products. 
3. GENERALIZED LAMBERT SERIES 
In Section 6 of my Introduction to Ramanujan’s “Lost” Notebook [5], I 
presented two identities that were necessary in order to prove one of 
Ramanujan’s formulas for C(q)-‘. The identities in question were these 
where i= 1,2,3 or 4: 
15; Eq. (6.3)], (3.1) 
and 
(q5; q5)k (42i; q5)m (45-2i; q5L2 
(q5-$ q5)& (4’; s’>L * (3.2) 
Actually (3.2) can be generalized to 
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where 0 < i < 4, 0 < j < 4, since both sides equal the Ramanujan function 
1 4’; q5, d 1-6 Iv1 q5+j [ 1 9 
and the Ramanujan summation (see [5; Sect. 61 for details) yields (3.2)’ 
The series in (3.1)-(3.2)’ are examples of generalized Lambert series, i.e., 
series of the form 
2 (-1)‘” $“*R(!f), 
n=-* 
where E = 0 or 1, L > 0, and R(x) is a rational function of x. 
The results from the “Lost” Notebook deduced from (3.1) and (3.2) were 
C(q)-3 = (3*3), 
(3*4), 
There are 13 other .identities of this type given by Ramanujan for C(q), G(q) 
and H(q). We list them below, and parenthetically after each one we list the 
specializations of (3.1) and (3.2)’ from which it is derived. 
(q5x5)L G(q)= .=z, 1 $I,, (by (3.2)‘, i = 1,j = 2); (3% 
(by (3.2)‘, i = 3, j = 1); (3.6), 
(by (3.2)‘, i = 1, j= 1); (3.7), 
(by (3.2)‘, i = 2, j = 2); (3% 
(q5; q5)& G(q) = “2, 1 -‘;:nt 1 
b5; 45& WI) = .zrn 1$+3 
(by (3.2)‘, i = 2, j = 1); (3% 
(by (3.2)‘, i = 1, j= 3); (3.10)~ 
601/41/2-l 
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f q5”2+2” 1 + q5”+’ 
n= -m 1 -q5”f’ (by (3.7), 
and (3.1) in the 
cases i = 1 and i = 4); 
1 + qsn+* 
(3*11), 
(q’:qyJQ& c q5n2+4* 1 _q~n+2 (by (3.8), and (3.1) in the 
n= -m cases i = 2 and i = 3); 
(3.12), 
?- 4” 
1 - q5n+2 
C(q)= .=zrn jn 
& 1_4q,n+ 1 
(by (34, and (3.6),); (3.13), 
(by (3.7), and (3.6),); (3.14)~ 
\“- 4” i 1mq5n+2 
c(q)* = .=:a q*” 
x7 
(by (3.8), and (3.5),); (3.15)~ 
(by (3.2)’ with q+ q*; i = 2, 
j=f); 
(3.1% 
(by (3.2)’ with q-+ q2; i = 1, 
j=+). 
(3*17), 
To conclude this section we prove four other q-identities for the 
Rogers-Ramanujan continued fraction C(q). While these do not explicitly 
involve generalized Lambert series, their proof as given here does. 
The formulas in question are: 
(q5; q5)oo = c (-1)" q(5n2+W2 _ q (-1)" q(5”*+‘“+*)/*; 
C(q) Eo vi q5h. 1 ZO (q3; q5)nt 1 
(3.1% 
(-1)" q(5n*+lln+6)/2 
(q4; q5L+ 1 ; 
(3.19)R 
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5 (+lq(5n*+7n+2)/2 
n=O (q3; 45)n+l 
=+ i. (--l)"q 
(15r9+7nKz(l + qan+4) (3.20)~ 
1 (q5;q5)w ++ f (_l)nq(15n2+13R+*)/*(l +q*"+')-T c(q) ; 
n-0 
The proofs of these results rely on Lemma 2 of Section 2 (a generalized 
Lambert series identity), and the Rogers-Fine identity [2; p. 5641: 
(3.22) 
This last result is not explicitly stated in the “Lost” Notebook; however, one 
uses it over and over again in deriving many of Ramanujan’s formulas. 
We shall present a detailed proof of (3.18) only; the remaining three will 
be treated more succinctly. We start with the right-hand side of (3.18) 
00 (-1)~ q(5n*t3n)/2 
"TO (q2; q5hf+1 
_ $. (-1)" q(5n2t7n+2)/2 
(q3x5)nt1 
= go (q2; q5h# P(-l:;l~*~~5;yP~l - do"+4) 
-q T  (q3;q5)nq3n(-l)nq5n(n-1V2q6nt5n2(1 -q10nt6) 
n=O (q3x5)"+1 
(by (3.22) applied to the first sum with q --t q5, a = q4/t, b = q*, t + 0; and to 
the second sum with q + q5, a = q6/t, b = q3, t + 0) 
(--1)“q (15n2+7nY2(1 +q5n+2)- 2 (-l)nq(15n2+13nt2)(1 + q5"+3) 
n=O 
(--1)“q (152+7nV2(1 -q3"+l) 
200 GEORGES E. ANDREWS 
= z (-1)” q(15nZ-7nM2 _ q F (-1)” qU5n2+13nM2 
n=-CC n= -a3 
(by Lemma 2). 
We now treat (3.19): 
(5n*+ 1 In t 6M2 
= 5 (-1)” q(15n2+n)/2(1 + q5n+l) 
n=o 
m  
- \‘ (-1)“s (15n2+19n+6)/2(1 + q5”+4) (by (3.22)) 
n=O 
= f (-1)” q(15n2+nM2 _ 2 (-1)” q(15n2t19nt6M2 
n=--a3 n= --oo 
= c (-qnq(15W2(1 +q5”+l) 
n=--00 
(after sending n -+ -n - 1 in the second sum) 
= (q5; q5L2 C(q) (by Lemma 1). 
We now observe that if we subtract (3.20) from (3.21) we obtain (3.18); 
therefore since (3.18) is already established we need only prove (3.20). Now 
from the proof of (3.18) we know 
F (-1)” q(5n2t 7n t 2)/2 
n=o (q3; s’>n + 1 
= _ (q5; q5)m 
C(q) 
+ 2 (-l)u q(15n*+7w(1 + q5n+2) 
n=O 
1 (q5; q5)m =-- 
2 C(q) 
+ + 2 (-1)" q(15*+7nyl + qy 
n-0 
++ f (-l)nq(15&+13nt2M2(1 +q5”t3) 
,=0 
(by Lemma 2) 
1 (q5x5Lc =-- 
2 C(q) 
+ + f (-1)” q(152+7nV2(1 + q8”+4) 
“YO 
++ 5 (qnq(15n*+13nt2N2(1 +q2”t1). 
n-0 
Thus we have (3.20) and with it (3.21). 
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It is clear from the results of this section that Ramanujan was able to 
derive numerous results from general identities such as (3.3) and (3.22). Fine 
[ 1 l] has studied numerous applications of (3.3) in number theory; a sample 
of his results is presented in [ 18; Chap. 16, Sect. 16.21. The many arithmetic 
aspects of (3.22) are presented in [2]. ’ 
4. FURTHER CONTINUED FRACTIONS OF THE 
ROGERS-RAMANUJAN TYPE 
We begin by examining (1.14). The assertion is true as it stands; however 
it clearly appears to suggest that 
g (-1)” qn(n+‘)/* (4.1) 
is equal to 
1 
1+q+q* 
1 + q3 + q4 
1 + q5 + q6 
1 + 4’ + q8 
1+. *. 
and this is definitely not the case. If we define 
then it is well known that [4; p. 1041 
F&h 4) = 1 
F(zv 4) 1 +zq 
1 + zq* 
1 + zq3 
(4.2) 
(4.3) 
l+. * . . 
Hence the continued fraction in (4.2) is merely 
F(q + q*v q*) 
F(l'+q-',q*) 
(4.4) 
(4.5) 
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Therefore 
1 + (q3 + q4) + @I2 + 2q3 + q4) q8 + .., 
l-q2 (1 - q2)U - q4) 
x l+ (9+q2)  (l+2q-‘+q-2)qs + c .‘. (1 - q2) (1 - q2)(1 -q”) 1 (4.6) 
or 
(1 + q3 + q4 + q5 + 4’ + q8 + q9 + 2q’O + 3q” + 3q’2 + 3q’J + 4q’4 + . ..) 
=(ao+%q+~,q2+a,q3+***)(1+q+q2+q3+q4+q5+2q6+3q’ 
+ 3qs + 3q9 + 4q” + 5q” + 5q” + 5q13 + 6q14 + . . .). (4.7) 
Hence comparing coefficients of the various powers of q, we find 
a3 
\’ anq”=1-q+q3-q6-q’+q8-q9-q’0 . . . . 
n=O 
(4.8) 
Thus (1.14) is alright as far as it goes; however, it stops just short of where 
the triangular number pattern is violated. 
There are some other results in the “Lost” Notebook that are related to 
the continued fraction studied in [5; Sect. 71. For example, on the last page 
of the “lost” Notebook, Ramanujan asserts 
1 
1 +Lq 
1 + Aq2 + bq 
1 + Aq3 
1 +Aq4+bq2 
1+. 
. . 
1 
=1+1q 
1 + bq + Aq2 
1 + bq2 + *. 
(4*9), 
(4*10), 
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1 
=1-b+b+Aq 
l-b+btLq2 
1-b+. 
- . 
where 
(4.1 l), 
(4~2)~ 
(4.13)R 
Now the identity of (4.9) with (4.12) is the special case a = 0 of [5; Eq. 
(1.4)1. 
The continued fraction (4.10), is slight tricky. First let us define 
F(b;A)= fj bq 
n ml + ‘“2(-Jq/b), 
n=o (4)” ’ 
(4.14) 
Then we see immediately that 
m 
F(b, A) - F(bq; Aq) = c 
b”q”(” +I”* (-Wb), (1 - q”) 
n=O ml 
ntl 
=-g" q 
n(titl)/*tn+l(-lq/b), (1 +Jq"+'/b) 
n=O k), 
= bqF(bq; Aq) t Iq*F(bq*; Lq*). 
This q-difference equation may be rewritten as 
F(b; A) &7* 
F@q; A?) 
=l+bqt 
F(bq; Jq) ’ 
F(bq*; h*) 
Iteration then shows that 
(4.15) 
F(b; A) &I* 
Wq; k> =ltbqt rlq3 * (4.16) 1 t bq* t 
1 tbq3t.. 
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Thus (4.10) is equivalent to the assertion 
&;A) =1 + Aq 
db; h> F(b;A) ’ 
J’(bq; h> 
(4.17) 
Now by the first iterate of Heine’s fundamental transformation [5; Eq. 
(4.6)] : 
g(b; A) = ,lim, G 
. + n=o (q)n t-b) 
= =lirnW 
’ - (-bq), ($-) o. ‘=’ (4) (-) ,, “,” n 
n ’ 
Hence 
C-b), g(b; Q> = F(b; A). (4.18) 
So by (4.18), we see that (4.17) and consequently (4.10) are equivalent to 
g(b; A> - g@; Q) = W’(bq; Wl(-bs), . (4.19) 
But (4.19) is easily established since 
= & g(bq; h”> 
h Wz; k> 
=m (-bq2), 
= W(bq, h)l(-bq), - 
(by (4.18)) 
(4.20) 
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Finally we note that (4.11) is a special case of the general continued fraction 
treated by Hirschhorn [ 15; Eq. (2)]. Indeed these continued fractions and the 
general one of Ramanujan given in [5; Eq. (1.4)] have been extensively 
studied by Hirschhorn [ 13-161. Hirschhorn’s approach is to find closed 
forms for the convergents of these continued fractions. 
Apart from the false result initially in this section and the various general 
expansions just considered, there are a couple of further expansions of the 
Rogers-Ramanujan type also listed in the “Lost” Notebook. 
co (1 + q4”+y 
!=1, (1 +q4”+‘) = 1 +q 
1 
1 + q3 + q2 
1 +qs 
1 + 4’ + q4 
1+*.* (4.21)R 
1 _ 2 qn(3n-1U2(1 _ qn) 2 = 
n=l 2tq+q 
1 + q2 + q3 
1 t q3 + q5 
1+. 
* (4.22), 
Now the continued fraction in (4.21) is the special case of the general one 
treated in [5; Eq. (1.4)] with q replaced by q2, then 1= q-l, a = 0, b = 1. 
Hence the right-hand side of (4.21) equals 
(by [4; p. 19, Eq. (2.2.6)]). 
Identity (4.22) is not quite a special case of [S; Eq. (1.4)]; however, it is 
instead 
i 
CL) 4q--1; 42M?4; q4hl 
l + y. q”*+2” t-1; 42M44; q4)n 
2 c,“=o qn2+ 2n F-1; q2L/(q4; q41n 
= CFL) q”W; y2)n+ 1/(q4; q4)n 
1 00 q”2+2”(-l; q2)n 
= (-%I; q2hm n=o c (q4; q4)n 
(by [4; p. 19, Eq. (2X)]) 
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=? 
,iO 
(-q/r; q21n t-1; #I” qzntn 
(q2; q21n (-q2; q2)n 
1 lim (--(I; q2)oo Gy (4F q2hl (q2; S’)” (-4)” 
= c--9; q21x r-0 (q2; q21m neo (q2; q21n (-q2; q2Ll 
(by [5; Eq. (7.1)1) 
“, C-4)” = 
nLo (-q2; q21n 
03 2nl+n = nzo A)*.+ 1 (by (3.22)) 
= l-54 nUn-W(1 _ qn) ([ 1; Sect. 51). 
n=1 
5. AN INTEGRAL REPRESENTATION FOR C(q) 
Ramanujan has a flair for finding the most astounding version of any 
particular identity. Equation (1.15) is an excellent examle. Taking the 
logarithmic derivative of both sides of (1.15), we find 
1 -- c 
% 
(5m + l)qSm + (5m + 4) q5m+3 
EO I 1 - qsm+l 1 - q5m+3 
_ (5m + 2) q5m+l _ (5m + 3) qsm+2 
1 - q5m+2 1 - q5m+3 I 
(5.1) 
=I (4xc 
5 (q5; q5), 4 * 
This formula was previously given by Ramanujan, and Bailey published two 
proofs of it [7, 81. Hence we see that there exists an absolute constant A 
such that 
(1; t); dt 
I (3; t5), t - 
If we let q+ 1, we see formally that A should become the reciprocal of the 
golden ratio or (@-- 1)/2. Since q = 1 is an essential singularity of C(q) we 
must be careful; however our formal argument produced a valid result since 
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A = ii?- C(q)- ’ 
= lim Ho 
q-+- G(q) 
6-l 
= 
2 
by [171. 
6. CONCLUSION 
In this paper we have treated the combinatorial and q-series aspects of the 
Rogers-Ramanujan continued fraction and related functions given in the 
“Lost” Notebook. Ramanujan also obtained other types of continued 
fraction results including a number connected with modular equations. We 
shall treat these in a later paper. 
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